2.1 The Derivative and the Tangent Line Problem

B Find the slope of the tangent line to a curve at a point.

b Use the limit definition to find the derivative of a function.

# Understand the relationship between differentiability and continuity.
Calculus grew out of four major problems that European mathematicians were working

on during the seventeenth century.

1. The tangent line problem (Section 1.1 and this section)

2. The velocity and acceleration problem (Sections 2.2 and 2.3)

3. The minimum and maximum problem (Section 3.1)

4. The area problem (Sections 1.1 and 4.2)

Tangent line 1o a curve al a point

2.1 The Derivative and the Tangent Line Problem
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2.1 The Derivative and the Tangent Line Problem

Definition of Tangent Line with Slope m
If f is defined on an open interval containing ¢, and if the limit
Ay . fle+ Ay —fle
fig A = g et A0 = Fle)

dr—l Ax ar— Ax

exists, then the line pussing through (¢, flc)) with slope m is the tangent line to
the graph of f at the point (¢, f{c)).

Example 1: Use the definition of the Example 2: Find the slopes of the
slope of a tangent line to find the slope tangent lines to the graph of

of the graph of f(x) = —5x + 1 when f(x) = x? — 2 at the points
c=3. (—=3,7)and (1,-1).

2.1 The Derivative and the Tangent Line Problem

Definition of the Derivative of a Function

i ) Connecting Notations
The derivative of f at x is The notation /() is read s
o i Fie ) i==-f \ “f prime of x.”
fix) = Jim x x) = flx)

Ax

provided the limit exisis. For all x for which this limit exists, f' is a function of x. J

.!‘J[.YJ. 3‘3 )'r, i[}(l]l D.,l V] Modation for derivaiives

dy o Aw o e A=)l
dx .\I!To Ax -_\I.!g]n Ax =1

Example 3: Find the derivative of f(x) = 4x? — 5x.
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2.1 The Derivative and the Tangent Line Problem

Example 4: Find f'(x) for f(x) = v/x + 1. Then find the slopes of the graph at f at the
points (4,3) and (9,4).

Example 5: Find the derivative with respect to t for the function y = # Then find an
1

equation of the tangent line to the graph at the point (1 2).

3 ; (x {s
Fle) = lim L2 =1te)

E— iy

Alternative form of derivative

i, )]

As x approaches ¢, the secanl line
approaches the tangent line.
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2.1 The Derivative and the Tangent Line Problem

Example 6: Determine whether the function f(x) = |3x + 1| is differentiable at x = —%.

1
Example 7: Determine whether the function f(x) = (x — 2)5 is differentiable x = 2.

THEDREM 2.1 Differentiability Implies Continuity

If f is differentiable at x = ¢, then f is continuous at x = c.

2.2 Basic Differentiation Rules and Rates of Change

B Find the derivative of a function using the Constant Rule.

b Find the derivative of a function using the Power Rule,
b Find the derivative of a function using the Constant Multiple Rule.

¥ Find the derivative of a function using the Sum and Difference Rules.
k= Find the derivatives of the sine function and of the cosine function.

P Find the derivatives of exponential functions.

P Use derivatives to find rates of change.

THEOREM 2.2 The Constant Rule
The derivative of a constant function is (1. That is. if ¢ 15 a real number, then

(=] gt 5

d )
3 [l.] =0 {See Figure 1.14.) P

-




2.2 Basic Differentiation Rules and Rates of Change

Example 1: Find the derivative of each function.
3

af()=3; b. g(t) = %12

THEOREM 2.3 The Power Rule
If it is a rational number, then the function f(x} = x" is differentiable and
d{—lf‘_[_t"] =",
; [=] 32 =]
For J 1o be differentiable at x = 0, m must be a number such that 't; ]
[4

" ! is defined on an interval containing 0. =1+

Example 2: Use the Power Rule to find the derivative of each function.

a. f(x) = x° b. g(x) = Va3 cy=—

x3

2.2 Basic Differentiation Rules and Rates of Change

Example 3: Find the slope of the graph of f(x) = x% for each value of x.

a.x=-1 b.x=1 cx=2

Example 4: Find an equation of the tangent line to the graph of f(x) = ¥/x whenx = 1.
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2.2 Basic Differentiation Rules and Rates of Change

THEOREM 2.4 The Constant Multiple Rule
IT f is & differentiable function and ¢ is 4 real number, then ¢f is
also differentiable and

i
~lef 9] = e (o).
Example 5: Use the Constant Multiple Rule to tind the derivative of each function.
6
3 /%5
a. f(x) =2x7 b.g(x) = = cy= Tx

Example 6: Rewrite each function in the form y = cf(x). Then use the Constant Multiple

Rule to find the derivative of the function.
3x% _ (30t 9 9

ay=— b.y 5 Cy =3 d.y=m

2.2 Basic Differentiation Rules and Rates of Change

2
THEOREM 2.5 The Sum and Difference Rules

The sum (or difference) of two differentiable functions [ and g is itself

differentiable. Moreover, the derivative of f+ g (or f— g) is the sum (or

difference) of the derivatives of [ and g.

[; g 1 s .

E[f(-r} =t l,‘f‘f]J = f'(x) + g'(x) Sum Rule

i“’[}‘ Ax)] = flix) — g'(x) ditference Rule

de - X gxll=rix 21X Dilterence Rule
L. -
Example 7: Use the Sum and Difference Rules to find the derivatives of each function.

x3-3x2-5

a.f(x)=—x*+3x—-9 b. g(x) = Vx + 3x2 cy=—07p—
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2.2 Basic Differentiation Rules and Rates of Change

THEOREM 2.6 Derivatives of Sine and Cosine Functions

dr[sin .T] = o8 x i[cos .T] = —sinx

Example 8: Find the derivative of each function.

a. f(x) =3cosx b. g(x) = ZS;nX

THEOREM 2.7  Derivative of the Natural Exponential Function

[e] = e

dx

Example 9: Find the derivative of each function.
a. f(x) = 5e* b. g(x) =e* —4x

CcosXx T
+ cos—
2 2

cy =

cy =7e* —cosx

2.2 Basic Differentiation Rules and Rates of Change

The function s that gives the position (relative to the origin) of an object as a
function of time 7 is called a position funetion. If, over a pericd of time Ar, the object
changes its position by the amount

Ag = st + Ar) = 5(1)
then, by the familiar formula

distance
Rate = —
Ome

the average velocity is

Change in distance _ As oz ;
F A e Averdge velinaly
Change in time At SE S

t

Insight

On the AP" Exam. be sure 1o
include appropriate units in

your solution when applicable.

You may not earn a point on
a free-response question when
you fail to include units with
your solution.

Example 10: A tennis ball is dropped from a height of 150 feet. The ball’s height s at
time t is the position function s = —16t2 + 150, where s is measured in feet and ¢ is
measured in seconds. Find the average velocity over each of the following intervals.
a. [2,3] b. [2,2.5] c.[2,2.1]
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2.2 Basic Differentiation Rules and Rates of Change

w = \"(I} Velocity funciion

v(t) = lim

At Ar

The position of a free-falling object (neglecting air resistance) under the influence
of gravity can be represented by the equation

|
s() = S8 T uf + 5 Position function

where s, is the initial height of the object, v, is the initial velocity of the object. and g
15 the acceleration due to gravity. On Earth, the value of g is approximately —32 feet
per second per second or —9.8 meters per second per second.

Example 11: A water balloon is thrown upward form the top of an 80-foot building
with an initial velocity of 64 feet per second. The height s (in feet) of the balloon can

be modeled by the position function s = —16t2 + 64t + 80, where t is the time in
seconds since it was thrown.

a. How long is the water balloon in the air? b. What is the.velf)uty of the water
balloon when it hits the ground?

b Find the derivative of a function using the Product Rule.
® Find the derivative of a function using the Quotient Rule.
B Find the derivative of a trigonometric function.

P Find a higher-order derivative of a function. 4

Remark

THEOREM 2.8 The Product Rule A version of the Product Rule
The product of two differentiable functions f and g is itself differentiable. that some people prefer is
Moreover, the derivative of fy is the first function times the derivative of the

second, plus the second function times the derivative of the first.

mgm 217w
%[_,l"fr},qi,rﬂ = flx)g'(x) + gle)f"(x) %‘- "5 = F(gly) + Flxe (0.

The advantage of this form
is that it generalizes easily
to products of three or more
factors

Proof
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2.3 Product and Quotient Rules and Higher-Order Derivatives

Example 1: Find the derivatives of each function.

a. h(x) = (3x + 5)(x? — 2x3) b.y = x2%e* c.y =4x%sinx — 7 cosx
THEOREM 2.9 The Quotient Rule < R Kk
The quotient f/g of two differentiable functions f and g is itsell differentiable at chidk .
all values of x for which glx) # 0. Moreover, the derivative of f/g is given by the From the Quotient Rule. you
denominator times the derivative of the numerator minus the numerator times can see that the derivative of a
the derivative of the denominator, all divided by the square of l quotient is not (in general) the
the denominator. uotient of the derivatives.
; a et EEE 5

d | fis AxhF () — flndg'(x)

=5 @] _ &lx)f'(x) {1 xX)g v el # 0

dx| glx) [l [Of:

\

2.3 Product and Quotient Rules and Higher-Order Derivatives

Example 2: Find the derivatives of each function.

1
3x+1 2+4+= 2(x3_x2)
ay= 2x2-5 b. f(x) = x_—ch ¢y= 5x

Example 3: For part (b) above, find an equation of the tangent line at (2,;)
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2.3 Product and Quotient Rules and Higher-Order Derivatives

THEOREM 2,10  Derivatives of Trigonometric Functions

dr S A il
cbr[hm x] = sectx u‘.t[wl x] cse’ x
_E..[g ] = ‘1 ‘![ scx] = —escx cot
(f_[’ sec x| = sec . xlan x d_!_‘ CEC x| = cscxycotx

(] g (=]
E

Example 4: Find the derivatives of each function.

a.y = 3x? —cscx

b.y = x3cotx

2.3 Product and Quotient Rules and Higher-Order Derivatives

Higher-Order Derivatives

.'i‘(i":ﬂ Position function
vid) = 5'(0) Velocity Tunction
ﬂ(!]' = 1"{{) = .’s‘"(F) Acceleration function
First derivarive; v, fix), ,
dx
o g - ay
Second derivative: v", flx), =
2
- I = i dy
Third derivative: ", iz, 5
E v
b 4) ) dly
Fourth derivative: ', o). ?r‘;
’ d™y
nth derivative; int, (), =
_ o, 22

Connecting Notations
The notations v" and " are
read as 'y double prime™ and
“y triple pnime.” respectively.
Notice that the prime notation
is only used for the first,
second, and third derivatives.

Ll DDl

a*
dx*
d?

;L D]

—slr@l. DIyl

dx?

E e p
alf@) DIyl

ﬂ[
dx™

fix], DMyl
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2.3 Product and Quotient Rules and Higher-Order Derivatives

Example 5: The position function of an object dropped on Mars is s(t) = —1.85t% + 3,

where s(t) is the height in meters and t is the time in seconds after the object is dropped.

What is the ratio of Earth’s gravitational force to Mars’?

Note: acceleration due to gravity on Earth is -9.8 meters per second.
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