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1.4 Continuity and One-Sided Limits

B Determine continuity at a point and continuity on an open interval.

¥ Determine one-sided limits and continuity on a closed interval.
P Use properties of cantinuity.
» Understand and use the Intermediate Value Theorem.

Definition of Continuity Insight
Continnity at ¢ Point i 2
R i You must know the precise
A function [ 15 continuous at ¢ when these three conditions are met. iz R
: definition of continuity for
1. f(c) is defined. the AP” Exam, and be able to
2. lim f{x) exists. understand which condition of
x—c - i . e
3. lim () = £(0) . the dt-:['lmltmn s Tlllll met it a
= function is not continuous at a
Continuity on an Open Interval particular point.
A fanetion is continuous on an open interval (a, b) when the function is 4

continuous at each point in the interval. A function that is continuous on the
entire real number line {— oz, oo) is everywhere continuous.
A

Types of Discontinuity: Removable and Non-Removable.

A discontinuity at c is called removable when f can be made continuous by appropriately
defining (or redefining) f(c).

1.4 Continuity and One-Sided Limits

B Determine continuity at a point and continuity on an open interval.

Example 1: Discuss the continuity of each function.

2x+1 4
_ b.y =
a.f(x)—x_l_1 Y= 1
x2+5x+6 _3x—=5x<1
c.h(x) = T dg(x) _{—sz,x >1




1.4 Continuity and One-Sided Limits
¥ Determine one-sided limits and continuity on a closed interval.

Limit {rom the left

lim f(.l} = L. Limit from the right lim f(x) = L.
Ko Fre
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{a) Limit as x approaches ¢ from the | ¥ 2
right L

(b Limit a5 v approaches ¢ from the left,

[x] = greatest integer n such thatn = x. Greatest integer function

Example 2: Find the limits of the following functions from the left and right c.

[ x| b.gix)=[x—2],c=3
a.f(x) ZE'C =0

1.4 Continuity and One-Sided Limits

¥ Use properties of continuity.

THEOREM 1.10  The Existence of a Limit ]

Let f be a function, and let ¢ and L be real numbers. The limit of f(x) as x
approaches ¢ is L if and only if

lim Jflx) =L and lim fix) = L.

Definition of Continuity on a Closed Interval

A funetion f is continuous on the closed interval [a, b] when f is continuous
on the open interval (a. b) and

lim flx) = fla) \
and

lim i) = f(b).

v i A . o b
The function f is continuous from the right at # and continuous from the left “
at b (See Fi 1.30.) Continuous function on a closed
| At b. (See Figure 1.30. ) seersal
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1.4 Continuity and One-Sided Limits

¥ Use properties of continuity.

Example 3: Discuss the continuity of the following.

@ fG)=Vi-=2 b.f(0) = 233

c. To ship a package overnight, a delivery services charges $9 for the first pound and $1 for each
additional pound or portion of a pound. Let x represent the weight of the package and let
f(x) represent the shipping cost. Show that the limit of f(x) as x approaches 3 does not exist.

1.4 Continuity and One-Sided Limits

¥ Use properties of continuity.

-

THEOREM 1.11  Properties of Continuity

If b is a real number and f and g are continuous at x = ¢, then the functions
listed below are also continuous at c.

1. Scalar multiple: &f 2. Sum or difference: [+ ¢
3. Product: fg 4. Quotient: 'E. ele) # 0
B

A proof of this theorem is given in Appendix A.
.

FAN

THEOREM 1.12 Continuity of a Composite Function
If g is continuous at ¢ and ' is continuous at g(c), then the
composite function given by (f = g)(x) = f(g(x)) is continuous at ¢.

Remark

One consequence of Theorem
1.12 is that when f and g
satisfy the given conditions,
you can determine the limit of
flglx)) as x approaches ¢ to be

lim f(g(x)) = f(g(c)).
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1.4 Continuity and One-Sided Limits

¥ Use properties of continuity.

Example 4: Describe the intervals(s) on which each function is continuous.

a.f(x) = tann6—x b. g(x) = cos x?

1.4 Continuity and One-Sided Limits

» Understand and use the Intermediate Value Theorem.

THEOREM 1.13  Intermediate Value Theorem
If f is continuous on the closed interval [a, 8], f{a) # fF(b), and & is any number
between f(a) and f(F), then there is at least one number ¢ in [a, b] such that

fle) = k.

Example 5: The graph of f is shown. For each value of ¢, find xllgl_ fQo), xlilgf(x) ,and

f(c) if possible. Then tell whether f is continuous at x = c.

o

a.c=2 b.c=3

[ —
g
7//

&

b & & o
4
=

cc=5

——
T
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1.5 Infinite Limits

P Determine infinite limits from the left and from the right.

b Find and sketch the vertical asymptotes of the graph of a function.

Definition of Infinite Limits
Let f be a function that is defined at every real number in some open interval
containing ¢ (except possibly at ¢ itself). The statement

li_Tf'[.r} =0 lim fix) =
means that for cach M = 0 there exists a § = 0 such that f{x) = M whenever
) < |x —¢| < & (See Figure 1.39.) Similarly, the statement

lim f(x) = —sc

Tt

means that for each N << 0 there exists o § = 0 such that f{x) < N whenever

0<|o—¢f <é

To define the infinite limit from the left, replace 0 < |x — ¢ < by €
¢ — & = x = ¢ To define the infinite limit from the right, replace

3 Infinite limits
D<|x—¢cf<dbye<x<e+d &

1.5 Infinite Limits

P Determine infinite limits from the left and from the right.
Example 1: Determine the limit of each function as x approaches -2 from the left and
from the right.
1

a.f(x)=tar1E by=——=
(x +2)2

4

—_—

—_—
-
—
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1.5 Infinite Limits

b Find and sketch the vertical asymptotes of the graph of a function.

Connecting Concepts

) It the graph of a function
If f{x) approaches infinity (or negative infinity) as x approaches ¢ from the right has 1 vertical asymptote at
or the left, then the line x = ¢ is a vertical asymptote of the graph of f. &= ¢, then [ is not

Definition of Vertical Asymptote

continuous at c.

—~
THEOREM 1.14  Vertical Asymptotes

Let f and g be continuous on an open interval containing ¢. IF fe) # 0. gle) = 0,

and there exists an open interval containing ¢ such that glx) # Oforallx # ¢ in

the interval, then the graph of the function

fix)

hix) = 2(x)

has a vertical asymptote at x = ¢.
A proof of this theorem is given in Appendix A.
L

1.5 Infinite Limits

b Find and sketch the vertical asymptotes of the graph of a function.

Example 2: Determine all vertical asymptotes of the graphs of the functions.

) = 4x b 5x?
@f0) =173 90 =57

X 2 -6
c.h(x) = tan— _x tx

2 d.f ) x2+4x+3




1.5 Infinite Limits

b Find and sketch the vertical asymptotes of the graph of a function.

Example 3: Find each limit.

b. lim

X
R T —_—
bt + 202 32+ (x + 2)2

1.5 Infinite Limits

b Find and sketch the vertical asymptotes of the graph of a function.

THEOREM 1.15  Properties of Infinite Limits
Let ¢ and L be real numbers, and let f and g be functions such that  qg.lim | -3 + —
x—0 x*

Inm_ff.r] = oo and Hr_n_g{.r) =T

1. Sum or difference: lim [flx) = elx)] = =

2. Product; lim [ flx)g(x)] =00, L=>0
e
lim[f(x)gle)] = —se. L <0 . o x+4
A b. lim ——
. . alx) x-0* —Inx
3. Quotient: lim=== =0
rene flx)
Similar properties hold for one-sided limits and for functions for
which the limit of f(x) as x approaches ¢ is — 22, (See Example 5.)
lim 4 tan — -1
c. lim 4tan—- d.lim (x + ———
U 3 x-1 (x —1)2

2

Example 4: Find each limit.
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1.6 Limits at Infinity

B Determine (finite} limits at infinity.

P Determine the horizontal asymptotes, if any, of the graph of a function.

B Determine infinite limits at infinity.

Definition of Limits at Infinity

Let L be a real number.

1. The statement Iiry f{x} = L means that for each & = 0 there exists an
M = 0 such l}:;;Tf(x] — L| = e whenever x = M.

2. The statement llirln:‘c_,r'f_x} = I meuns that for each & = 0 there exists an

N < O such that |f(x) — L| < & whenever x < N.

Definition of a Horizontal Asymptote
The line v = L is a horizontal asymptote of the graph of f when

lim ftx) =1
¥oax

| M

fx} is within 2 units of L as x— &¢,

li mxf[.r! =L or |1'r|91__,f(.r) =L

PR o

e .t
lim — =0 and lim -
Ky — 00 X

-
THEOREM 1.16 Limits at Infinity
1. If r is a positive rational number and ¢ is any real number, then

=1

The second limit is valid only if x" is defined when x <= 0.

2. lim e*=0 and lime "=10
T—-0Q

L A proof of the first part of this theorem is given in Appendix A.

1.6 Limits at Infinity

B Determine (finite} limits at infinity.

=
Guidelines for Finding Limits at * se of Rational Functions

the limit of the rational function 1s 0.

then the limit of the rational function does not exist.
L

1. Tf the degree of the numerator is less than the degree of the denominator, then

2. If the degree of the numerator is equal 1o the degree of the denominator, then
the limit of the rational function is the ratio of the leading coefficients.

A, It the degree of the numerator is greater than the degree of the denominator,

A

4
Definition of Infinite Limits at Infinity
Let f be a function defined on the interval (a. 22).

1. The statement lim f(x) = 3¢ means that for each positive number M. there
o
is u corresponding number N = 0 such that f(x) = M whenever x > N.

2. The statement lim f(x) = — 20 means that for each negative nomber M,
e

Similar definitions can be given for the statements

lim fix) =020 and lim flx) = —oo.
] x——00

there is a corresponding number ¥ = 0 such that f(x) < M whenever x = N. ‘

)

Connecting Concepts
Determining whether a
function has an infinite limit at
infinity is useful in analyzing
the “end behavior™ of its
graph. You will see examples
of this in Section 3.5 on curve
skerching.
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1.6 Limits at Infinity

B Determine (finite} limits at infinity.
b Determine the horizontal asymptotes, if any, of the graph of a function.

P Determine infinite limits at infinity.

Example 1: Find each limit.

li 7 !
@ tim (7~

b. lim (e* —6)
X—>—00

I 3x
¢ xl—{lc}ox -1

1.6 Limits at Infinity

B Determine (finite} limits at infinity.
b Determine the horizontal asymptotes, if any, of the graph of a function.

P Determine infinite limits at infinity.

Example 1: Find each limit.

i —x3+4
f'xl—r}c}o 5x2 + 2
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1.6 Limits at Infinity

B Determine (finite} limits at infinity.
b Determine the horizontal asymptotes, if any, of the graph of a function.

P Determine infinite limits at infinity.

Example 2: Show that he function has different horizontal asymptotes to the left and to the
right.

|2x|
3x+1

f&) =

1.6 Limits at Infinity

B Determine (finite} limits at infinity.
b Determine the horizontal asymptotes, if any, of the graph of a function.

P Determine infinite limits at infinity.

Example 3: Find each limit.

b cosx + 3x
i Clim ——
a. J31_1)‘((}0 cos 2x Jm X
c. lim —x5 d. lim —x°

X—00 X—>—00
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1.6 Limits at Infinity

B Determine (finite} limits at infinity.
b Determine the horizontal asymptotes, if any, of the graph of a function.

P Determine infinite limits at infinity.

Example 3: Find each limit.

11



